The interplay between the nonclassical features and the parity-time (PT) symmetry (or its breaking) is studied here by considering a PT symmetric system consisting of two cavities with gain and loss. The conditions for PT invariance is obtained for this system. The behavior of the average photon number corresponding to the gain and loss modes for different initial states (e.g., vacuum, NOON, coherent, and thermal states) has also been obtained. With the help of the number operators, quantum Zeno and anti-Zeno effects are studied, and the observed behavior is compared in PT symmetric (PTS) and PT symmetry broken (PTSB) regimes. It has been observed that the relative phase of the input coherent fields plays a key role in the occurrence of these effects. Further, some nonclassicality features are witnessed using criteria based on the number operator(s). Specifically, intermodal antibunching, sum and difference squeezing, are investigated for specific input states. It is found that the various nonclassical features, including the observed quantum Zeno and anti-Zeno effects, are suppressed when one goes from PTS to PTSB regime. In other words, the dominance of the loss/gain rate in the field modes over the coupling strength between them diminishes the nonclassical features of the system.
I. INTRODUCTION
The quantum systems are in many ways different from their classical counterparts. The most fundamental distinction is in the way they respond to a measurement or an interaction. The interaction of a quantum system with the measuring device has profound consequences on its subsequent dynamics, and can even suppress the time evolution if the interaction is frequent enough, a phenomenon known as the quantum Zeno effect (QZE) [1] . The QZE has been recently realized in many experiments and its applcations have been reported in quantum information [2] , avoiding the decoherence [3] [4] [5] , to sustain the entanglement [6, 7] , in the purification of quantum systems [8] , to suppress the intermolecular forces [9] , and to realize direct counterfactual communication [10] . The converse phenomenon of QZE is referred to as quantum anti-Zeno effect (QAZE) in which the time evolution of the quantum system speeds up when the measurements are frequent enough. The QZE and QAZE have been observed in many systems. For example, in trapped ions and atoms [11, 12] , superconducting qubits [13] [14] [15] , Bose-Einstein condensates [16] , nanomechanical oscillators [17] , quantum cavity systems [18] and nuclear spin systems [19] [20] [21] . In [22] [23] [24] [25] [26] [27] [28] [29] , the QZE and QAZE have been studied in the context of open quantum systems, too. Another interesting feature of QZE that has been studied in the recent times is the formulation of a joint * naikoo.1@iitj.ac.in † tkishore36@yahoo.com ‡ subhashish@iitj.ac.in § anirban.pathak@jiit.ac.in strategy by two or more players leading to their emerging as winners, and is broadly referred to as quantum Parrondo's game [30] [31] [32] [33] .
The quantum Zeno effect is just one nontrivial consequence of the interaction between two quantum systems. There are many more. For example, the interactions between two systems can also lead to the inseparability of their quantum states, entanglement. Various optical/optomechanical systems have also been designed to generate the desired nonclassical states [34] of radiation, thereby bringing the quantum aspects in the table top experiments. Different facets of nonclassicality, characterized by the negative values of Glaubler-Sudarshan P function [35, 36] , have been extensively investigated in various systems. A set of single mode nonclassical features ( [37] and references therein), like sub-Poissonian photon statistics, antibunching, and squeezing of a field, have been reported to be useful in the development of quantum inspired technology [38, 39] . Two field modes may show nonlocal correlations as entanglement [40] , steering [41] , and Bell nonlocality [42] having applications in secure quantum communication [43, 44] . Various witnesses of quantumness, including the ones mentioned here, have been studied in many systems, viz., cavity and optical systems [45] [46] [47] [48] [49] , Bose-Einstein condensates [50, 51] , optomechanical systems [46, 52] , atoms and quantum dots [53, 54] , single and interacting qubits [55, 56] , and engineered quantum states [57, 58] .
Contemporary to the development of quantum optics, has been the emergence of parity-time (PT) symmetric optics, where the notion of PT symmetry is introduced to explain the real spectrum of non-Hermitian Hamiltonians [59, 60] . The interest in this phenomenon has been escalated in the recent times [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] are not Hermitian but PTS and possess real eigenvalues. In fact, these two Hamiltonians are special cases of the general parametric family of PTS Hamiltonians H =p 2 +x 2 (ix) , such that for ≥ 0 all the eigenvalues are real while for < 0 they are complex. These two regimes are respectively known as PTS and PT symmetry broken (PTSB) regimes [60] . An equivalence of a quantum system possessing PT symmetry and a quantum system having Hermitian Hamiltonian was shown in [71] . In [68] , a system was realized whose dynamics is governed by PT Hamiltonian. Many optomechanical properties have been investigated for PTS systems, such as the cavity optomechanical properties underlying the phonon lasing action [72] , PTS chaos [73] , cooling of mechanical oscillator [74] , cavity assisted metrology [75] , optomechanically-inducedtransparency [76] , and optomechanically induced absorption [77] . The possibility of the spontaneous generation of photons in PTS systems is illustrated in [78] . In [79] , the gain in the quantum amplification by the superradiant emission of radiation was shown to be a consequence of the broken PT symmetry. Further, the exceptional points for an optical coupler with one lossy waveguide and polarization entangled input states were obtained in [80] . Nonclassicality in the coherent states for non-Hermitian systems is also reviewed recently [81] .
In this work, we aim to study the behavior of the various nonclassical features of a system as one goes from PTS to PTSB regime. We analyze the effect of this transition on the possibility of presence of QZE and QAZE as well as the nonclassical features, such as intermodal antibunching and the sum and difference squeezing for different choices of the input states. The rest of the paper is planned as follows. In Sec. II, we discuss the model and the solution to the equations of motion of cavity field modes in the Heisenberg picture. Section III is devoted to the discussion of various nonclassical features of the field modes. We finally conclude in Sec. IV. 
II. MODEL AND SOLUTION
In this work, we are interested to study the interplay between PT symmetry and various facets of nonclassicality. To this effect, we consider the system sketched in Fig. 1 . Two optical cavities bearing modes a 1 and a 2 , with corresponding frequencies ω 1 and ω 2 , are connected by coupling constant g. The Hamiltonian for this system can be written as
where H.c. stands for Hermitian conjugate. Throughout this paper, we are going to work in the natural units ( = c = 1). To bring the P T symmetric effects, we allow the cavities in the system of interest to interact with the ambient environmental degrees of freedom. We denote the baths (reservoirs) as B 1 and B 2 and consider them to be coupled to the cavities bearing modes a 1 and a 2 , respectively. We further assume that the former cavity has a gain rate γ 1 , and the later has a loss rate γ 2 . The Hamiltonian pertaining to the baths (H B ) and the system-bath interaction (H SB ) are respectively given by
Here, m k and n k are the annihilation operators corresponding to the baths B 1 and B 2 , respectively, and are coupled to the corresponding cavity modes a 1 and a 2 with coupling strengths g k and g k . Using Eqs.
(1), (2a), and (2b), we obtain the following Langevin equations:
Here, f 1 (t) and f 2 (t) are the noise operators given by −i l g l b l (0)e −iν l t , where b l (0) denotes the corresponding bath operator. The noise operators satisfy the following properties [37] :
To investigate the PT invariance further, let us redefine the annihilation operators asã 1 (t) = e −iωt a 1 (t),ã 2 (t) = e −iωt a 2 (t), and the noise operator F i (t) = e −iωt f i (t). With this transformation Eqs. (3a) and (3b) becomė
One can write the formal solution of the above equations as follows
(8) Here, K is identified as the effective Hamiltonian for the system given by
with eigenvalues
Apart from the conditions given in Eq. (6), the complete PT invariance demands that the eigenvalues of K are real, that is γ ≤ g. Naturally, PTSB regime is characterized by γ > g. In other words, the dominance of the gain/loss over the coupling strength breaks the PT symmetry of the system. The transition from the PTS to PTSB regime is governed by the eigenvalues of the effective Hamiltonian. Figure 2 shows the behavior of the eigenvalues with respect to the coupling strength g and the gain (loss) rate γ. The two real branches of eigenvalues coalesce at g = γ and become complex for g < γ.
These points at which the transition from real to complex spectrum occurs, are known as exceptional points [80] . We can now rewrite the solution given in Eq. (8) by setting Q = e −iKt . With K given in Eq. (9), it can be shown that
(11) Here, Ω = γ 2 − g 2 controls the transition from PTS to PTSB phase. Finally, the solution turns out to bẽ One can obtain the solution at the exceptional points by taking appropriate limits, specifically considering Ω → 0, we can obtain
Having obtained the solution for the two field modesã 1 (t) andã 2 (t), we now proceed to study some properties of the output fields, like average photon numbers with different input states, and also look for the nonclassical features of the fields. Since the phase factor inã k (t) = e −iωt a k (t) (k = 1, 2) is not relevant in our study, in what follows, we would drop the tilde.
III. SOME PROPERTIES OF THE OUTPUT FIELDS
In this section, we analyze some properties associated with the field modes a 1 (gain) and a 2 (loss), and their behavior in PTS and PTSB regimes.
Average photon number: We begin this study with the average photon number n ai = a † i (t)a i (t) corresponding to the mode a i (i = 1, 2), by choosing different initial states. For example, with the input state as vacuum, one can obtain the following closed form expressions for the average photon number: Similarly, we have considered different initial states, such as coherent state |α 1 , α 2 , NOON state (|1, 0 + |0, 1 )/ √ 2, and thermal state
] (see Appendix A), to compute the average photon numbers in the two cavities. The average photon number in each case is plotted in Fig. 3 . The parameters γ (gain/loss rate) and g (coupling strength) are chosen such that the system is either in PTS or PTSB regime. In the PTS regime, the average photon number for the gain and loss modes is observed to grow together, waning the distinction between gain and loss cavities. In PTSB regime, however, the average photon number in the gain cavity grows faster as compared to the average photon number in the lossy cavity. This is due to the fact that in the PTSB phase, the gain/loss dominates the coupling strength between the two cavities. The oscillatory behavior of the curves in PTS case can be attributed to the fact that the elements of the Q matrix change from hyperbolic to sinusoidal function as one goes from PTSB to PTS regime. The rapid increase in the photon number as a spontaneous photon generation process in the context of PT symmetry was also reported in [78] in a system of two coupled waveguides. In all these cases, in PTS regime, one can clearly see initial decay in the average photon number in the lossy cavity, which is compensated later by its interaction with the gain medium. In the set of possible input states, we have considered vacuum (shown to play an important role in PTS property [78] ), a quantum state with positive (coherent state) and negative (NOON state) Glauber-Sudarshan P function, and a mixed (thermal) state having positive P function. Average photon numbers of two cavities does not give any signature of quantumness. Therefore, in what follows, we investigate the QZE and QAZE and some nonclassical features, like intermodal antibunching and squeezing, in the field modes, which will use the number operators calculated so far.
Quantum Zeno and anti-Zeno effects: A more general definition of QZE involves the dynamics for which the interaction part may be defined as a 'continuous gaze' on the system under consideration (see [82] for a review). This interaction may be a measurement operator to explain QZE as introduced in [1] . In the present case, the two cavity model (in Fig. 1 ) can be considered as a system-probe configuration, where one of the cavities (considered system) is under a constant influence of the other cavity (probe). The occurrence of QZE and QAZE in the system-probe setting can be studied by defining Zeno parameter, introduced in [83, 84] ,
with n ai = a † i (t)a i (t) . Here, we have normalized the Zeno parameter by dividing by the product of the average number of photons of the two modes. A positive (negative) value of the Zeno parameter ζ ai implies an increase (decrease) in the average photon numbers corresponding to the mode a i as a consequence of the coupling (g) with the probe field. The scenarios ζ ai (t) < 0 and ζ ai (t) > 0 are respectively known as QZE and QAZE. , and thermal state (c). In all the cases, the lossy mode (a2) shows the QAZE while the gain mode (a1) shows the QZE. Here, we have chosen coupling strength g = 1, so that γ < 1 and γ > 1 correspond to PTS and PTSB regimes, respectively. mode a 2 (red surface) shows the QAZE effect while QZE is displayed by mode a 1 (blue surface). This nature is observed due to the fact that the number of photons generated under an independent evolution of the gain cavity is suppressed (which is described as QZE) due to its interaction with the lossy cavity. In contrast, an increase in the number of photons (which is described as QAZE) in the lossy cavity is the outcome of its interaction with the gain cavity. This increase/decrease in the number of photons also depends upon the values of parameters deciding PT symmetry property of the system. We separately discuss the case when both the cavity fields are initially in the coherent states as in this case, the transition between the QZE and QAZE can be controlled by the parameters of the input fields. Specifically, Fig. 5 depicts the Zeno parameter corresponding to modes a 1 and a 2 with input state as the coherent state for r1 = r2 = 1. In (a), θ1 = π, θ2 = −π/4. The blue and red surfaces correspond to ζa 1 and ζa 2 , respectively. Here, the coupling strength between the cavities g = 1. (b) Variation with respect to the relative phase parameter ∆θ = θ1 − θ2. The color scheme is as follows: blue for ζa 1 , red for ζa 2 with γ = 0.5g, that is, PTS regime; green for ζa 1 and gray for ζa 2 with γ = 1.5g, PTSB regime. The parameter ∆θ decides which of the two modes (a1 or a2) would show the QZE/QAZE. The maxima and minima in the plot occur at ∆θ = π/2, 3π/2. |α 1 α 2 , such that α k = r k e iθ k with k = 1, 2. Figure 5 (a) shows the variation of the Zeno parameters with respect to the gain/loss rate γ and time t. In PTS regime (γ < g), the QZE and QAZE are more prominent as compared to PTSB regime (γ > g). The observed behavior can be attributed to the fact that in the PTS phase, the coupling is dominant and has pronounced effect, i.e., losses in cavity mode a 2 are supplemented by the gain cavity due to strong coupling between them. This causes large variation in the Zeno parameter in PTS phase when compared with the PTSB phase. In Fig. 5 (b) , the Zeno parameter is shown as a function of the relative phase (difference of the phases corresponding to the coherent states of the two modes) ∆θ = θ 1 − θ 2 and time t. It is clear that the presence of QZE or QAZE in modes a 1 and a 2 depends on the value of ∆θ. In this case, for ∆θ > π, the mode In the former α1 = r1e iθ 1 and α2 = r2e iθ 2 with r1 = 1, r2 = 2, θ1 = θ2 = π/2. The nonclassical behavior corresponds to A(a1a2) < 0. The behavior in PTS regime (γ < g) is very different from the PTSB regime (γ > g). a 1 dominantly shows QAZE, while for ∆θ < π it shows QZE. Therefore, a transition between QZE and QAZE can be controlled by the relative phase of the input coherent states, while variation in the amount of the Zeno parameter also depends upon whether the system is in the PTS/PTSB phase.
Intermodal antibunching: For the field modes a 1 and a 2 , the condition for intermodal antibunching is given as follows
The first term in the right-hand side corresponds to the simultaneous detection in the outputs of two cavities, while the second term represents the product of individual detections in the outputs. In order to compute the first expectation value, we make use of the following decoupling relation ( [47] and references therein)
Thus, we obtain the average value of the witness of intermodal antibunching A(a 1 a 2 ) for different initial states, which detects the presense of nonclassicality for the negative values of the witness A(a 1 a 2 ). Figure 6 depicts the Further, it is clear that the behavior in PTS and PTSB regimes is remarkably different, revealing that PTS phase favors nonclassicality compared to PTSB phase. Sum squeezing criterion: Hillery's sum squeezing criterion [85] is defined in terms of a generalized two mode quadrature operator of the form
in analogy of the single mode quadrature where φ is the phase angle of the coherent field used in the homodyne measurement. A state is said to be sum squeezed along phase angle φ, if
Difference squeezing criterion: A state is said to be difference squeezed if
The collective operator
We have chosen to study the sum and difference squeezing here as these two-mode nonclassical features use the average photon numbers we have studied in the beginning of this section. Figure 7 depicts the variation of the sum and difference squeezing parameters V (a 1 , a 2 ) and W (a 1 , a 2 ) , respectively. The negative values of the parameters V (a 1 , a 2 )/W (a 1 , a 2 ) ,for any φ confirm the existence of the sum/difference squeezing. It can be seen that the sum/difference squeezing is enhanced in PTS regime (g/γ > 1) as compared to PTSB regime (g/γ < 1).
IV. CONCLUSION
We considered a two cavity gain-loss system and discussed the conditions necessary for exhibiting PT invariance. This demanded equal gain-loss in the two cavities. Further, complete PT invariance requires the eigenvalues of the effective Hamiltonian to be real. This condition in turn means that the dominance of the gain/loss over the coupling strength g breaks the PT invariance. With this setting, we studied the average photon number with different initial states, viz., vacuum, NOON, coherent, and thermal states. In all the four cases, the average photon number shows a similar behavior for gain and loss modes in PTS regime. In contrast to this, in PTSB regime, the gain mode is found to dominate over the lossy mode, while both show an exponential growth. We further studied some nonclassical features using the average photon numbers for different initial states. Specifically, we have reported the presence of QZE and QAZE in two cavities and nonclassical features, like intermodal antibunching and sum and difference squeezing. These witnesses of nonclassicality as well as the Zeno parameter exhibit suppression in the nonclassical features when one goes from PTS to PTSB regime. In other words, the dominance of the loss/gain over the coupling strength results in depletion of the nonclassical features of the fields. Further, it's observed that the relative phase of the input coherent fields provides us a control parameter to switch between QZE and QAZE.
The present study is expected to impact deeper understanding of PT symmetry and the role it can play to probe nonclassicality in the physical systems relevant in the field of quantum optics and information processing.
